Abstract: We plunge decentralized control problems into modular ones to benefit from the know-how of modular control theory: any decentralized control problem is associated to a natural modular control problem, which over-approximates it. Then, we discuss how a solution of the latter problem delivers a solution of the former.
INTRODUCTION
Over the past years there has been a considerable research effort in decentralized supervisory control (see e.g. Cieslak et al. (1988) ; Rudie and Wonham (1992) ; Yoo and Lafortune (2000) and associated references). Decentralized control of discrete-event systems appears as a natural approach to decrease the computational complexity of synthesizing controllers for large scale systems: the overall task of the synthesis is divided into synthetizing individual controllers, each of them reacting according to a partial observation of the system's moves. Most of the works provide only existential results, by exhibiting necessary and sufficient conditions under which a given specification language can be exactly achieved. There are very few results on synthesis of decentralized controllers for specifications that do not fulfill these conditions. Modular approaches (see Y. and Heymann (1991) ; Rohloff and Lafortune (2003) ; Jiang and Kumar (2000) ; Lee and Wong (2002) ; deQueiroz and Cury (2000); Akesson et al. (2002) ; Schmidt et al. (2006) ) consider systems that have a structure, and design methods to decompose the specification according to this structure. Under some hypothesis, an optimal solution can be computed efficiently.
In this paper, we plunge decentralized control problems into modular ones to benefit from the know-how of modular control theory. To do so, we first consider the modular over-approximation of the problem where the system and the specification are replaced by their infimal separable super-language. Hypothesis on the status of events lead us to apply the results of Lee and Wong (2002) to derive modular controllers. These controllers provide a solution of the decentralized control problem whenever they realize a language that is contained in the specification of the decentralized problem, without assuming a lot on the specification (neither coobservability, nor decomposability). This solution is by construction controllable and coobservable, but might not be optimal, and neither too trivial. Optimality is however obtained as soon as the system is given by a separable language.
Modular over-approximations have also been considered by Jiang and Kumar (2000) . However, for these results to hold, coobservability (actually decomposability) of the specification is a prerequisite, whereas here coobservability is obtained by construction.
The paper is organised as follows: In Section 2 we present preliminaries on models; in Section 3 we present the Basic Decentralised Supervisory Control Problem (BDSCP). Section 4 is dedicated to the study of the fundamental notions of Controllability, Coobservability, Decomposability, and Separability, and their interplay. Section 5 explains how a BDSCP is associated its modular over-approximation, and how modular methods apply to the BDSCP. A short conclusion is given in Section 6.
PRELIMINARIES ON MODELS
We follow the automata and language framework (see Ramadge and Wonham (1989); Cassandras and Lafortune (1999) 
DECENTRALIZED BASIC CONTROL PROBLEMS
We consider the most commonly used architecture for decentralized control, namely the conjunctive and permissive architecture considered by Rudie and Wonham (1992) , Yoo and Lafortune (2002) , and others. It is very standard, and we simply recall the principles. We assume that the plant is observed through different locations, denoted by the set Á.
For each ¾ Á, represents the set of events that are controllable in location .
¾Á . An event is controllable whenever it is controllable in at least one location. Finally the set of globally uncontrollable events is given by Ù Ò .
Since Ramadge and Wonham (1989) followed by Rudie and Wonham (1992) for the decentralized setting, it is standard to represent a (local) supervisor in location as a mapping Ë È ´Äµ ¾ , where we recall that È ´Äµ is a language on Ó ; Ë ´× µ represents the set of events that the supervisor in location enables after observing the string × ¾ £
Given supervisors´Ë µ ¾Á and a language Ä, the language controlled by the Ë 's is a sublanguage of Ä, written´Î ¾Á Ë µ Ä defined as the least language containing¯(the empty word), and satisfying : if
Now, assume given a prefix closed language over , say Ã Ä, the Basic Decentralized Supervisory Control Problem (BDSCP) consists in finding local supervisors´Ë µ ¾Á so that´Î ¾Á Ë µ Ä Ã. We call Ã the specification of the BDSCP.
Of course, there is no solution in general, but since Rudie and Wonham (1992) , we know necessary and sufficient conditions which guarantee the existence of a solution (see next section). Moreover provided these conditions are fulfilled, an optimal (supremal) solution can be effectively computed by defining each local supervisor according to : first of all, Ù Ë ´× µ, Notice that the following is trivial, but useful later on.
Coobservability is a key notion in decentralized control; it is due to Rudie and Wonham (1992) , but also deeply studied by Yoo and Lafortune (2002) , and others. It is formally defined as follows. Coobservability guarantees the correctness of the protocol (P) between the local supervisors regarding the BDSCP, as in the previous section. According to Rudie and Wonham (1992) : (2000) (Corollary 2 and Lemma 2).
In the case where controllability of Ã Ä does not hold, one considers ËÙÔ ´Ã Ä Ä Ù µ instead of Ã, and then checks for its separability. Unfortunately, failure of separability is the limit of the approach.
In the next section, we investigate conditions and algorithms in order to circumvent this limit.
OVER-APPROXIMATION OF BDSCP IN A MODULAR FRAMEWORK
We exploit the control theory of modular plants (see e.g. Jiang and Kumar (2000) ; Lee and Wong (2002) ; Akesson et al. (2002) ; Schmidt et al. (2006) ) by considering a very natural modular over-approximation of the BDSCP. We gain effective computations of solutions that are sound for the BDSCP under hypothesis we exhibit.
Assume given an input to the BDSCP :
A plant Ä £ . For each in a given finite set Á, a set of observable events Ó and a local set of controllable events Ó .
A prefix-closed language Ã £ .
where we additionally assume that
We transform the BDSCP into a modular control of structured plant problem. To do so, we first consider an extension of the original BDSCP by adding a virtual location as follows : we consider a fresh element ¾ Á, to denote this virtual location. We set Ó ÙÓ . To maintain assumption (C2), , then Ó Ò Ó . The associated projection È £ £ ÙÓ is È ÙÓ as in the previous section. Now Á is extended to Â Á .
To the avoid confusion in the following, we introduce new names for alphabets, relying on letter "B" instead of letter "A", since previously dedicated to formalize the BDSCP.
The sub-alphabets of controllable events are represented, for each ¾ Â, by . We also define Ù Ò for all ¾ Â.
In the rest of the section, we take the following convention of notations : for each ¾ Â, we write Ä È ´Äµ and Ä ¼ ¾Â Ä , on the one hand, Ã È ´Ãµ, Ã ¼ ¾Â Ã , on the other hand. Each is then the alphabet of Ä (and of Ã ), whereas contains the controllable events of Ä , and Ù contains the uncontrollable events of Ä . By construction, Ä ¼ and Ã ¼ are over-approximations of Ä and Ã. Moreover, by Proposition 4, Ä ¼ (resp. Ã ¼ ) is infimal among the super-languages of Ä (resp. Ã) that are separable with respect to Ó ( ¾ Â). It is clear that Ä Ä ¼ if and only if Ä is separable with respect to Ó ( ¾ Â). We now turn to computing a solution for inputs Ä ¼ and Ã ¼ but by using the theory of control of modular systems. The problem called Basic Modular Supervisory Control Problem (BMSCP) consists now in the following : Given a separable language Ä ¼ ¾Â Ä and a prefix-closed language Ã ¼ , can we compute compute supervisors Ë , one for each Ä , such that ¾Â´Ë Ä µ Ã ¼ .
In the following we plunge BDSCP in the BMSCP, and see how we can benefit from the know-how of e.g. Lee and Wong (2002) in the latter framework.
Lee and Wong (2002) We now study the properties of the language Å ¾Â ËÙÔ ´Ã Ä Ä Ó Ò µ Å has several properties that we list and prove now : 
¥
One can note that, because of Proposition 6) the separability of Ä w.r.t.´ Ó µ ¾ is enough in Theorem 6.
CONCLUSION
We have proposed a natural over-approximation of the Basic Decentralised Supervisory Control Problem (BDSCP), enabling us to exhibit hypothesis to compute a controllable and coobservable solution of the BDSCP (Theorem 5). Concerning those hypothesis, Assumptions (C1) and (C2) are obviously inherited from Rudie and Wonham (1992) , but (C3), expressing mutual controllaility, comes up from the need to exploit the results of Lee and Wong (2002) in the theory of modular control. Notice that (C3) can be equivalently stated on the set Á instead of Á , as Ó Ó is empty for each ¾ Á.
The result of Theorem 5 is important: it says that the solution can be efficiently computed, and implemented. However, testing inclusion of the solution in Ã Ä can be of high cost. Futur work would then consist in finding subclasses of BDSCP that are easily solvable, as provided with criteria that ensure inclusion of our candidate solution in the specification.
